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Abstract

Dislocation nucleation from a stressed crystal surface is analyzed based on the Peierls–
Nabarro dislocation model. The variational boundary integral approach is used to obtain the
pro6les of the embryonic dislocations in various three-dimensional nucleation con6gurations.
The stress-dependent activation energies required to activate dislocations from their stable to
unstable saddle point con6gurations are determined. Compared to previous analyses of this type
of problem based on continuum elastic dislocation theory, the present analysis eliminates the
uncertain core cuto9 parameter by allowing for the existence of an extended dislocation core as
the embryonic dislocation evolves. Moreover, atomic information can be incorporated to reveal
the dependence of the nucleation process on the pro6le of the atomic interlayer potential as
compared to continuum elastic dislocation theory in which only elastic constants and Burgers
vector are relevant. Finally, the presented methodology can also be readily used to study dislo-
cation nucleation from the surface heterogeneities such as cracks, steps, and quantum structures
of electronic devices.
? 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The fundamental mechanisms of dislocation nucleation from a crystal surface have
been of considerable interest in a wide variety of scienti6c and engineering problems.
One example is the growth of high-quality strained heteroepitaxial layer structures
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for fabrication of high-speed electronics and optoelectronics (e.g. Nix, 1989; Mooney,
1996; Freund, 2000). Since materials of layers are selected primarily on the basis of
their electronic characteristics, it is unavoidable to have a mismatch in lattice parameter
between the layers or the layer and substrate. This mismatch gives rise to mechanical
stress, which in turn could induce evolution of surface morphology (Gao et al., 1999)
and/or nucleation of mis6t dislocations from the surface (Kamat and Hirth, 1990; Beltz
and Freund, 1993, 1994; Wagner, 1999). These dislocations in electronically active re-
gions within devices are either detrimental by degrading the electrical and optoelectrical
performance of materials or potentially bene6cial by generating self-organized quan-
tum structures relevant to the next generation of devices (e.g. Zunger, 1998). Under-
standing the formation of dislocations in strained semiconductor layer materials, with
an aim toward controlling them, is therefore of central interest in the semiconductor
industry.

Two conditions are of particular interest in understanding nucleation of a disloca-
tion from a stressed crystal surface. One is the critical stress under which dislocation
nucleation occurs instantaneously at absolute zero. The other is the activation energy
required to thermally activate dislocation nucleation at a stress level below this criti-
cal value at a 6nite temperature. In principle, nucleation is controlled by atomic-scale
processes and needs to be investigated at the atomic level. Atomistic simulations with
appropriate empirical potentials may be used to determine the 6rst condition (Kelchner
et al., 1998; Brochard et al., 2000). It is, however, not e9ective in determining the
activation energy because of its serious limitation on resolving unstable saddle point
con6gurations in large systems. As a consequence, most analyses of this problem have
been so far based on continuum elastic dislocation theory in which the condition for
the formation of a semicircular dislocation loop is worked out based on an approach
similar to that used by Cottrell (1953) to estimate the energy required for homogeneous
nucleation of a circular dislocation loop in a perfect bulk crystal (Kamat and Hirth,
1990; Beltz and Freund, 1993, 1994; Wagner, 1999). In general, these analyses assume
that dislocation loops are in the semicircular shape and the dislocation image force is
either ignored or treated approximately. The image force, however, can be rigorously
treated in this framework by making use of the general solution of an in6nitesimal
dislocation loop in a half-space (Bacon and Groves, 1970; Eshelby, 1979), as demon-
strated in the analysis of Beltz and Freund (1993). The predicted critical radius of the
dislocation loop is on the order of the size of the dislocation core, therefore indicating
that the obtained energetics of dislocation nucleation could be unreliable because of
the limitation of continuum elastic dislocation theory at the core region. Alternatively,
as suggested by Beltz and Freund (1993), this problem may be resolved by using the
Peierls–Nabarro dislocation model (Peierls, 1940; Nabarro, 1947). The model is be-
lieved to provide a more de6nitive solution because it eliminates the uncertain core
cuto9 parameter existing in continuum elastic dislocation theory by allowing for the
existence of an extended dislocation core. Beltz and Freund (1994) used this model
and analyzed the energy condition for the formation of mis6t dislocations. Although
their analysis is limited to the formation of a straight dislocation in a plain strain con-
dition, the results, nevertheless, indicate that the analysis based on the Peierls–Nabarro
dislocation model is justi6ed because it reveals the dependence of the energetics of
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dislocation formation on other materials properties such as the unstable stacking en-
ergy in addition to elastic constants.

In the classic Peierls–Nabarro dislocation model of a straight edge dislocation, the
pro6le of the dislocation along the slip plane, corresponding to the relative displacement
between two atomic layers, is modeled as a continuous distribution of in6nitesimal
dislocations (Eshelby, 1949). The simple sinusoidal shear resistance relation is assumed
along the slip plane, while the crystal blocks above and below the slip plane are treated
as linear elastic media. The balance of the lattice restoring stress and the elastic stress
due to all in6nitesimal dislocations across the slip plane results in an integrodi9erential
equation that leads to an analytical solution of the dislocation pro6le. Since this solution
removes the singularity of the classical Volterra dislocation, the Peierls–Nabarro model
gives the 6rst indication of the size of the dislocation core and the energy barrier
associated with it, albeit with its unrealistic use of the linear elasticity in the highly
non-linear and discrete core region (e.g., Hirth and Lothe, 1982).

The Peierls–Nabarro dislocation model has been recently advanced to study dis-
location nucleation from cracks (Schoeck and Pueschl, 1991; Rice, 1992). Xu et al.
(1995, 1997) have incorporated the Peierls–Nabarro dislocation model into a variational
boundary integral method (Xu and Ortiz, 1993) and analyzed dislocation nucleation
from cracks in various three-dimensional con6gurations. Coupled tension and shear in-
terlayer potentials, including surface production due to dislocation nucleation, are also
developed accordingly to account for the general stress condition acting on the slip
plane at the crack tip. Numerical techniques are developed for e9ectively determining
the unstable saddle point dislocation con6gurations. Recently, a variational boundary
integral method for the general anisotropic elastic solid has also been developed (Xu,
2000) and the energetics of homogeneous nucleation of a dislocation loop under stress
in perfect crystals has been analyzed (Xu and Argon, 2000).

In this paper, this model is further extended to analyze nucleation of half disloca-
tion loops from a stressed surface. Instead of using the general elastic solutions of
dislocations in the half space, a rather straightforward methodology is presented to
rigorously account for the surface e9ect. The saddle point con6gurations of embryonic
dislocations and their associate thermal activation energies are determined in the same
way by energy variational principle. Comparison will be made with previous analyses
based on continuum elastic dislocation theory, with emphasis placed on the generic
e9ects of the interlayer atomic potential on dislocation nucleation. We note that the
presented methodology can also be readily used for the study of dislocation nucleation
from the surface heterogeneities such as cracks, steps, and quantum structures. The
comprehensive study of these subjects for particular material systems of technological
interest shall be presented in future papers.

2. Variational formulation of the Peierls–Nabarro dislocation model

We begin by considering a general geometry for dislocation nucleation from a sur-
face, as shown in Fig. 1. The angle between the surface and slip plane on which
nucleation of dislocation occurs is denoted by �. The symbol � denotes the angle
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Fig. 1. The con6guration for nucleation of a half-dislocation loop from a crystal surface.

between the Burgers vector and the intersection of the slip plane and the surface.
Cartesian coordinates are selected so that the x3-axis is normal to the surface and the
x2-axis is parallel to the intersection of the slip plane and the surface.

In the previously developed variational boundary integral method in which the
Peierls–Nabarro dislocation model is incorporated for the analysis of dislocation nu-
cleation from the crack (Xu et al., 1995, 1997), the total energy of the system is
expressed by an integral equation in terms of the displacements ascribed on the crack
and slip plane on which dislocation nucleation occurs. These displacements, including
dislocation pro6les on the slip plane, are solved based on a variational minimization
process employed by 6nite element methodology. To use this method to study disloca-
tion nucleation from the surface, the surface e9ect needs to be considered. One way to
solve this problem is to modify the original variational boundary integral method for
the in6nite solid by employing general solutions of in6nitesimal dislocation loops in
the half space (Bacon and Groves, 1970; Eshelby, 1979). Alternatively, we propose a
straightforward approach that allows for the use of the existing variational boundary in-
tegral method for half space problems. In this approach, the surface is modeled as part
of a very large crack embedded in an in6nite solid. As the size of this crack is selected
to be much larger than any relevant size of the dislocation con6guration, the problem
can then be solved in an equivalent system that is essentially composed of the slip
plane and the crack embedded in the in6nite solid. This approach and its advantage of
solving half-space problems that involve non-planar surfaces are schematically shown
in Fig. 2.

Let �(x) denote the relative displacement between the adjacent atomic layers along
the slip plane and the opening displacement of the crack. The potential energy � of
the system can be expressed as

�[�(x)] = W [�(x)] + V [�(x)] − P[�(x)]; (1)



G. Xu, C. Zhang / J. Mech. Phys. Solids 51 (2003) 1371–1394 1375
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Fig. 2. Schematic illustration of transferring the half-space problems into the problems in an in6nite space:
(a) a surface crack; (b) the surface and the surface crack can be viewed together as a three dimensional
crack embedded in an in6nite medium; (c) a surface step can also be viewed as part of a three dimensional
crack.

where W is the elastic strain energy associated with the displacement on the crack and
slip plane; V the interatomic layer potential energy de6ned on the slip plane; and P
the work of the external applied forces. By modeling the displacement as a continuous
distribution of dislocation loops and using the known expression of interaction energy
between two dislocation loops (Lothe, 1982), the elastic strain energy for a general
anisotropic solid can be obtained as (Xu, 2000)

W [�(x)] =
1

16	2

∫
S

∫
S

1
R

∫ 2	

0
ei · {[(n ×∇
i)1 × z; (n ×∇
j)2 × z]

−[(n ×∇
i)1 × z; z] · (z; z)−1 · [z; (n ×∇
j)2 × z]} · ej d dS1 dS2;
(2)

where S represents the slip plane and the crack surface; (:)1 and (:)2 denote two di9erent
points on the surfaces S; R is the distance between these two points; ei, i = 1; 2; 3,
are Cartesian basis vectors; n is the normal vector to the crack and slip plane; z is a
unit vector perpendicular to R; and  is the angle between z and an arbitrary chosen
reference z0. The components of the second-rank tensor in the notation (a; b) is de6ned
as (a; b)jk = aicijklbl, where cijkl are elastic constants.

The interlayer potential energy is given by

V [�(x)] =
∫
S
�[�(x)] dS; (3)

where �[�(x)] is the interlayer potential energy de6ned on per unit area of the slip
plane, which can be developed by considering two blocks of crystals sliding uniformly
across the slip plane, as shown in Fig. 3. By assuming that the sliding is restricted in
the Burgers vector direction, i.e. the constrained path approximation (Rice, 1992), we
may use �r and �t to denote the relative sliding and opening displacement between two
adjacent atomic layers; and �r and �t the corresponding shear and normal resistance
between the two blocks of crystals, respectively. As pointed out by Rice, 
r and 
t are
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Fig. 3. Block-like lattice sliding and opening between two adjacent atomic planes.

inelastic displacements de6ned along a cut of zero thickness in an elastic continuum.
The total displacements �r and �t between two adjacent atomic layers are viewed as
the addition of the inelastic displacements and the elastic shear displacements over the
spacing of the adjacent atomic layers, i.e.


r = �r − h�(�r; ��)=�; (4a)


� = �� − h�(�r; ��)=c; (4b)

where c =  + 2� is the uniaxial strain elastic modulus.  and � are the Lame constant
and shear modulus, respectively.

We should point out that the classic formulation of the Peierls–Nabarro dislocation
model does not distinguish the total displacement and the inelastic displacement be-
tween two adjacent atomic layers. This is not a rigorous mechanics formulation since
the continuous distribution of in6nitesimal dislocations only models displacement dis-
continuities de6ned over thickless surfaces but rather those between two atomic layers
with a 6nite distance. The above Rice modi6cation provides a rigorous mechanics
formulation of the Peierls–Nabarro dislocation model. However, this modi6cation also
further localizes the nonlinear deformation on the thickless slip plane, making it diN-
cult to conjecture whether this modi6cation provides more accurate results. If the stress
� or � is plotted against 
r or 
�, the curve has an in6nite slope at the origin, which
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requires additional care in the numerical analysis. For some reasons, the classic for-
mulation of the Peierls–Nabarro dislocation model is still widely used in the literature.
The computation of the activation energy for homogeneous nucleation of dislocation
loop indicates that the Rice modi6ed model gives larger activation energy than the
classic Peierls–Nabarro dislocation model (Xu and Argon, 2000). Calculation of the
Peierls stress based on the Rice modi6ed model is about several orders lower than that
obtained based on the classic Peierls–Nabarro model (Xu, 2001).

By combining the sinusoidal type relation in simple shear and the Rose–Ferrante–
Smith universal binding relation (Rose et al., 1981) in simple tension, the potential
energy � and its related quantity !, which are de6ned such that d� = � d
r + � d
�

and d! = � d�r + � d��, are given by

�(
r; 
�) = !(�r; ��) − h
2�

�2(�r; ��) − h
2c

�2(�r; ��) (5)

and

!(�r; ��) = 2"s

{
1 −

[
1 +

(
��

L

)]
exp

(
−��

L

)
+
[

sin2
(
	�r

b

)

+
% − 1

4
sin2

(
2	�r

b

)][
q +

(
q− p
1 − p

)(
��

L

)]
exp

(
−��

L

)}
; (6)

where "s is the surface energy of the slip plane; L is the characteristic length of the
decohesion process; % is a parameter that describes the skewness of shear resistance;
and p and q are two parameters that jointly characterize coupling between tension and
shear. This type of relation can also be generalized to include the e9ect of surface
production caused by dislocation nucleation, which is another important feature of
dislocation nucleation from the surface when the Burgers vector is not parallel to the
surface. Details on modeling of this type of atomic interlayer potential energy are
described in Xu et al. (1995).

We noted that the above characterization of the interlayer potential is based on the
constrained path approximation. Although this hypothesis is a good approximation in
many cases, it becomes invalid when sliding in other directions cannot be ignored.
Typical examples include dislocation dissociation into a pair of partial dislocations
connected by a ribbon of a stacking fault. One way to solve this problem is to derive
the atomic interlayer potential directly from the atomistic calculation of the so-called
"-surface (Vitek, 1968). The "-surface, also termed the generalized stacking fault en-
ergy, represents the energy changes as two blocks of crystals slide uniformly across the
slip plane in an arbitrary direction. At present, the "-surface can be reliably obtained
from ab initio calculations using electron density functional theory with local density
approximation (e.g. Kaxiras and Duesbery, 1993). Schoeck (1999, 2001) suggested
modeling the general atomic shear potential using the following form:

"(t) =
∑
j

cjei2	gjt
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where t is the shear displacement vector between two adjacent atomic layers; gj are
reciprocal lattice vectors and i =

√−1. The coeNcients cj are determined by a set of
interplanar energies "(tk) at speci6c positions tk . It appears that it may also be feasible
to combine this potential function with the universal bonding relation to model the
coupled tension e9ect across the slip plane.

Finally, the work of the traction � applied on the crack surface and the slip plane is

P[�] =
∫
S
� · � dS; (8)

where � can be related to the remote stress by invoking the principle of superposition.
The minimization of the potential energy � with respect to displacement leads to the

non-linear integral equations by virtue of the non-linear interlayer potential. The 6nite
element method with six-node triangular elements is used to discretize the slip plane
and the crack. The 1=R singularity in the kernel of the double integration is handled
by an e9ective and accurate numerical scheme. The resulting discretized nonlinear
equations are solved by the Newton–Raphson iteration. The saddle-point con6gurations
of dislocations are solved by recourse to displacement control, which is, in essence, the
characteristic of a system with equality constraints enforced by Lagrange multipliers.
The details of these techniques are described by Xu and Ortiz (1993) and Xu et al.
(1995).

To reduce the numerical computation on the 6nite domain, a periodic condition is
enforced in the x2-axis direction. This assumption leads to an underestimate of the
activation energy owing to the interaction between half-dislocation loops. This e9ect,
however, can be minimized by increasing the period of the domain in the x2-axis
direction. The numerical results indicate that the activation energy converges quickly
as this period increases, as also shown in the previous analysis of dislocation nucleation
from crack tips (Xu et al., 1995). This is understandable because the interaction energy
between two dislocation loops is similar to two dipoles, dropping rapidly as a function
of their separation.

3. Analysis of dislocation nucleation from the surface

Depending on the surface morphology, crystallographic orientation, and loading con-
dition, dislocation nucleation may occur in a wide variety of con6gurations. The critical
condition for dislocation nucleation from a highly stressed perfectly Oat surface is of
great interest from both the fundamental viewpoint of material science and the practi-
cal application such as growth of high quality of strained heteroepitaxial semiconductor
layer structures for high speed microelectronic devices. Because of the broadness of
the subject, we limit our attention to a few relatively simple but important nucleation
con6gurations. By comparing the results with those obtained using continuum disloca-
tion theory, we emphasize the physical mechanisms that warrant further investigation
in this subject.

We consider dislocation nucleation in a general slip plane with a slip direction par-
allel to the surface, i.e. � = 0◦ in Fig. 1. The driving force for nucleation of a screw
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Fig. 4. The atomic interlayer shear resistance pro6les for various values of parameter %.

dislocation is the simple shear stress acting parallel to the slip direction. We recog-
nize that this con6guration is somewhat uncommon as compared to the equal-biaxial
stress state commonly found in strained heteroepitaxial thin 6lms. We nevertheless se-
lect it for its simplicity and expect it to capture the essential features of dislocation
nucleation in more realistic con6gurations. The same con6guration was also used in
an analysis of the e9ect of dislocation core spreading at the interfaces on strength of
thin 6lms (Baker et al., 2002). We note that no ledge formation is involved in this
con6guration, which further simpli6es the analysis. The inOuence of ledge formation
on dislocation nucleation from the surface has been considered in a previous analysis
based on continuum elastic dislocation theory (Beltz and Freund, 1993). The crystal
is assumed to be isotropic characterized by the shear modulus � and Poisson’s ratio
) = 0:3. As a consequence of this assumption, only the displacement component along
the slip direction is nonzero, assuming the moderate dilation e9ect caused by shearing
can be ignored. The coupled tension and shear relation can be reduced to the simple
shear relation as

� =
�b

2	h

[
sin

(
2	�r

b

)
+

% − 1
2

sin
(

4	�r

b

)]
; (9a)


r = �r − b
2	

1
%

[
sin

(
2	�r

b

)
+

% − 1
2

sin
(

4	�r

b

)]
: (9b)

For the same shear modulus, the skewed pro6les of shear resistance for various values
of % are plotted in Fig. 4. The area under the shear resistance pro6le is de6ned by
Rice (1992) as the unstable stacking energy "us, which is given by �b2=2	2h%. The



1380 G. Xu, C. Zhang / J. Mech. Phys. Solids 51 (2003) 1371–1394

ideal strength of the crystal is denoted by �m, and the ideal strength of the crystal of
the sinusoidal shear resistance is denoted by �sin

m , where �sin
m = �b=2	h.

We shall note that the energetics of dislocation nucleation in a crystal is pro-
foundly inOuenced by the pro6le of interlayer shear resistance. It appears that the
shear modulus (the initial tangent of the curve), the ideal shear strength (the max-
imum stress of the curve), and the unstable stacking energy (the area under the
curve) all together a9ect dislocation nucleation in the crystal. More realistic shear
resistant pro6les can be constructed based on ab initio calculations. In this paper, we
use the above shear resistance model to explore the e9ects of various parameters on
dislocation nucleation in from the crystal surface. We demonstrate that the analysis
based on continuum elastic dislocation theory is inadequate for dislocation nucleation
problems since only the elastic constants and the Burgers vector are relevant in the
analysis.

As the shear stress increases from zero, the stress on the slip plane induces a
stable slip until the shear stress reaches a critical value �c, which is equal to the
ideal shear strength of the slip plane �m when the surface is perfectly Oat. Because
of the periodic interlayer potential, an embryonic dislocation can be formed and be-
comes unstable as the stress decreases from this critical point. Thus, there are two
solutions associated with the same level of stress below this critical value, one is
stable and the other is unstable. The energy di9erence between these two con6g-
urations is the activation energy Eact required for thermally assisted dislocation
nucleation.

3.1. Nucleation of straight dislocations

We 6rst consider nucleation of straight screw dislocations on general inclined slip
planes that intersect with the perfectly Oat surface. The goal is to illustrate the e9ects
of the shear resistance pro6le and the angle of the slip plane on the energetics of dis-
location nucleation in these simple two dimensional con6gurations. The study should
also provide a valuable reference that can be compared to direct atomic simulation.
Such comparison could be used to validate the presented approach and justify its ap-
plication for the analysis of dislocation nucleation in more realistic three-dimensional
con6gurations. One of the potential bene6ts of this study is to provide more reliable
dislocation nucleation models that can be incorporated into discrete dislocation dynam-
ics simulation, as advocated in multiscale mechanism-based modeling and simulation
of mechanical behavior of crystalline materials.

Fig. 5 shows an example of successive saddle point con6gurations of an embryonic
dislocation emitting on the slip plane that is perpendicular to the surface. The values of
the corresponding levels of stress are also indicated in the 6gure. The sinusoidal shear
resistance, i.e. %= 1, is assumed to hold along the slip direction on the slip plane. The
coordinate r denotes the distance to the surface on the slip plane. It is noteworthy to
point out that most embryonic dislocation con6gurations involve slip of less than a full
atomic spacing and the size of the dislocation core is on the order of a few Burgers
vectors. According to continuum elastic dislocation theory, the energy of a dislocation
segment scales with �b3. Therefore, the analysis of this problem based on continuum
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Fig. 5. The successive saddle point con6gurations of an embryonic dislocation corresponding to various stress
levels. �r represents the atomic interlayer shear displacement and r represents the distance to the surface on
the slip plane. The Rice modi6cation is implemented.

elastic dislocation theory which involves a full dislocation could considerably overesti-
mate the activation energy required for nucleation of the dislocation from the surface.
Indeed, a simple energy analysis similar to those used by Beltz and Freund (1993)
indicates that the activation energy per unit length is in6nite for any stress that is less
than the critical stress.

Fig. 6a shows the activation energy per unit Burgers vector length for nucleation
of a straight dislocation on slip planes of various orientations. The shear stress � is
normalized by the maximum shear stress �sin

m of the sinusoidal shear resistance pro6le.
The dashed lines correspond to the results when the Rice modi6cation, i.e. Eq. (4),
is incorporated. The solid lines correspond to the classic Peierls–Nabarro formulation,
in which the inelastic displacement in the integral equation is replaced by the total
displacement between two adjacent atomic layers. To distinguish the geometric e9ect
on the energetics of dislocation nucleation, we have re-plotted the activation energy as
a function of the critical resolved shear stress on the slip plane in Fig. 6b. It is evident
that the inclined plane facilitates dislocation nucleation, which is expected since the
free surface reduces the total energy of the dislocation.

Fig. 7a plots the activation energy per unit burger vector length for nucleation of a
straight dislocation on the slip plane of �= 90◦ for various values of parameter %. The
remote shear stress � is again normalized by the maximum shear stress of the sinusoidal
shear resistance pro6le. In the analysis of dislocation nucleation from a crack tip, Rice
(1992) concluded that the critical driving force for nucleation of a dislocation from
the crack tip is scaled with the unstable stacking energy. Schoeck (1996) pointed out
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Fig. 6. Dependence of the activation energy on the shear stress for various angles of slip planes: (a) the
shear stress is normalized by the maximum stress of the sinusoidal shear stress pro6le; (b) the shear stress
is normalized by the critical resolved shear stress on the slip plane.

that the shape of the shear resistance also a9ects the critical condition for dislocation
nucleation. Unlike dislocation nucleation from a crack tip, the critical driving force
for instantaneous dislocation nucleation from the perfectly Oat surface is completely
determined by the maximum shear resistance between atomic layers. To distinguish the
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Fig. 7. Dependence of the activation energy on the shear stress for various values of parameter %: (a) the
shear stress is normalized by the maximum shear stress of the sinusoidal shear resistance pro6le; (b) the
shear stress is normalized by the maximum shear stress of the shear resistance pro6le.

shape e9ect on the activation energy for dislocation nucleation, we rescale the critical
driving force with the maximum shear resistance of each individual shear resistance
pro6le. Fig. 7b shows that the skewed shear resistance a9ects the activation energy,
though the e9ects appear to be somewhat moderate for the shear resistance pro6les
adopted in this analysis.
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Fig. 8. Typical mesh used in the analysis. The period of the mesh is 50b. The surface is turned upside down
for better visualization.

3.2. Nucleation of dislocation loops

Thermally assisted nucleation of a straight dislocation from the surface is theoreti-
cally impossible since the energy required for such an event to occur is in6nite. The
realistic scenario is the process of nucleation of a half-dislocation loop which can be
viewed as a consequence of a localized outward protrusion of slip into an unstable sad-
dle point con6guration from the stable con6guration of a straight embryonic dislocation.
To obtain the bifurcation that leads to the saddle point con6guration in computation,
a tiny perturbation of the interlayer potential is introduced at the center of the surface
so that the saddle point con6guration of the dislocation loop can be activated when
the stress approaches the critical value. A typical mesh used in the analysis is shown
in Fig. 8. The period of the mesh is 50b. The surface is turned upside down for bet-
ter visualization. The elements of optimal size are selected to ensure the results are
accurate.

Fig. 9 shows the pro6les of the saddle point con6gurations of an embryonic dislo-
cation loop at various stress levels for slip planes of � = 90◦ and 30◦, respectively.
The sinusoidal relation is assumed to hold in the slip direction on the slip plane. The
contours represent the normalized shear displacement in the slip direction on the slip
plane. The pro6les of embryonic dislocations indicate that the activation process de-
pends on the formation of Burgers vector as well as the geometry of the dislocation
con6guration. As the stress approaches the critical value for instantaneous nucleation
of the dislocation loop, the analysis of this problem based on continuum elastic dis-
location theory becomes increasingly inaccurate since the dimension of the embryonic
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Fig. 9. The saddle point con6gurations of a half-dislocation loop at various stress levels. The contours
represent the normalized shear displacement on the slip plane. The shear stress and slip direction are parallel
to the free surface: (a) � = 90◦; (b) � = 30◦.
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Fig. 10. Dependence of the activation energy for nucleation of half-dislocation loops on the shear stress for
various inclined angles.

dislocation is comparable to the dislocation core size. Also, the dislocation loops appear
to be elliptical in shape, as contrasted to the circular shape assumed in most previous
analyses of this problem based on continuum elastic dislocation theory. Furthermore,
the loop is more elliptical on the inclined slip plane (� = 30◦) than the vertical slip
plane (� = 90◦), which can be attributed to the stronger e9ect of the image stress on
the formation of the dislocation.

Fig. 10 shows the dependence of the activation energy on stress for nucleation
of the dislocation loops for � = 30◦ and 90◦ slip planes, together with the results
obtained in the appendix based on continuum elastic dislocation theory, in which the
same core cuto9 parameter b=4 is used as in the previous literature (Beltz and Freund,
1993). The signi6cant e9ect of the core cuto9 parameter is illustrated in Fig. 12 in
the appendix, which plots the activation energy for various core cuto9 parameters. A
number of previous studies have estimated the activation energy required for nucleation
of a dislocation based on the standard Arrhenius relation for the rate process (Fitzgerald
et al., 1989; Kamat and Hirth, 1990; Rice and Beltz, 1994). Following Beltz and
Freund (1993), we take activation energy to be 50kT , where k = 1:38 × 10−23 J=K
is Boltzmann constant and T is temperature in Kelvin. We estimate the normalized
activation energy Eact=�b3 at temperature T = 300 K for Au, Cu, Al, and Si to be
0.27, 0.23, 0.33, and 0.05, respectively. Here we take the shear modulus for Au, Cu,
Al, and Si to be 31.0, 54.6, 26.5, and 68:1 GPa and the magnitude of the Burgers
vector to be 2.88, 2.55, 2.86, and 3:84 QA, respectively. Not surprisingly, the result
presented in Fig. 10 reaNrms previous conclusion (e.g. Kamat and Hirth, 1990) that
thermal motion should be powerless in a9ecting nucleation of dislocation loops from
the perfectly Oat surface under a stress level considerably below the critical stress.
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Compared with results based on continuum elastic dislocation theory, the activation
energy presented here appears to rise somewhat more rapidly as the stress decreases
from the critical stress, which implies the stress needs to be closer to the critical stress
for thermally assisted dislocation nucleation. This result highlights, on the other hand,
other alternative nucleation mechanisms, e.g., surface heterogeneities such as ledges,
microcracks, and defects may signi6cantly lower the critical stress, therefore facilitating
dislocation nucleation (Xu, 2002).

4. Summary and conclusions

A previously developed variational boundary integral formulation of the Peierls–
Nabarro dislocation model for three-dimensional dislocation con6gurations is further
extended for the analysis of dislocation nucleation from a stressed crystal surface. In-
stead of using general elastic solutions of dislocations in a half-space, a rather straight-
forward approach is presented to rigorously account for the surface e9ect. In this
approach, the surface is modeled as part of a very large crack embedded in an in-
6nite solid and the problem is therefore solved in an equivalent system that is es-
sentially composed of the slip plane and the crack embedded in the in6nite solid.
Since this approach does not require that the surface be perfectly Oat, it is there-
fore far more advantageous in that it can be readily used to study dislocation nu-
cleation from the surface of heterogeneities such as cracks, steps, and other quantum
structures.

Depending on the surface morphology, crystallographic orientation, and loading con-
dition, dislocation nucleation may occur in a wide variety of con6gurations. The basic
feature of dislocation nucleation from a surface has been demonstrated through the
studies of nucleation of straight screw dislocations and dislocation loops in a relatively
simple geometry and loading condition. By solving the saddle point con6gurations
of embryonic dislocations, we determined the stress-dependent activation energies re-
quired to activate dislocations from their stable to unstable saddle point con6gurations.
Compared to previous analyses of this type of problem based on continuum elastic dis-
location theory, we emphasize that the present analysis should provide more de6nitive
solutions since it eliminates the uncertain core cuto9 parameter by allowing for the
existence of an extended dislocation core as the embryonic dislocation evolves. More-
over, the shape of the dislocation loop is solved by the variational principle instead of
assumed to be semicircular as in previous analyses based on continuum elastic dislo-
cation theory. The results indicate that the activation process depends on the formation
of the Burgers vector as well as the geometry of the loop. As the stress approaches
the critical value for instantaneous nucleation, the predictions of continuum elastic
dislocation theory become increasingly unreliable. The results also further aNrm that
thermal motion plays no role in homogeneous dislocation nucleation from the surface
under a normal stress level, which is in general markedly below the theoretical strength
of materials. This highlights the importance of inhomogeneous dislocation nucleation
mechanisms such as nucleation from surface heterogeneities where there are signi6cant
stress concentrations.
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Finally, it is noteworthy to point out that the Peierls–Nabarro dislocation model
provides an e9ective approach to incorporate atomistic information into a continuum
approach to realistically handle the nonlinear e9ect associated with the extended dislo-
cation core in relatively large systems. As a consequence, the method can reveal the
e9ect of the interlayer shear resistance pro6le on nucleation processes of realistic dis-
location nucleation con6gurations while in the analysis based on continuum dislocation
theory only elastic constants and Burgers vector are relevant. This also justi6es the use
of more accurate atomic interlayer potentials such the general stacking fault energy
surface obtained by density functional theory with local density approximation. Over-
all, the general methodology presented in this paper provides an e9ective approach to
the study of fundamental dislocation mechanisms such as dislocation nucleation, mo-
bility, intersection, cross slip in which dislocation core processes are important. The
study of these mechanisms can complement conventional discrete dislocation dynamics
simulations based on continuum elastic dislocation theory in which these mechanisms
are implemented somewhat heuristically.
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Appendix A. Analysis of nucleation of half-dislocation loops from the surface based on
continuum elastic dislocation theory

The energetics for nucleation of a half-circular dislocation loop on a inclined slip
plane at a surface mentioned in the paper is analyzed based on the continuum elastic
dislocation theory. Let R denote the radius of the dislocation loop, b the Burgers vector,
R0 the conventional dislocation core cut-o9 parameter, � the shear modulus, and ) the
Poisson’s ratio. Following the previous work by Gao and Rice (1989) and Beltz and
Freund (1993), the elastic strain energy of the dislocation loop may be expressed by

U half =
�b2R

8
(2 − ))
(1 − ))

ln
(

8mR
e2R0

)
; (A.1)

where m is a geometry-dependent energy correction factor, which, by de6nition, can
be expressed by

ln m =
8

�b2R
(1 − ))
(2 − ))

(
U half − 1

2
U full

)
: (A.2)

On the other hand, the elastic energy of a dislocation loop can be calculated by inte-
grating work done in forming the dislocation loop. Hence,

ln m =
4

�bR
(1 − ))
(2 − ))

∫
s1

[�half − �full] dA; (A.3)
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where �half is the shear stress on slip plane along the Burgers vector due to the half-loop
at the surface, �full is the shear stress at the slip plane along the Burgers vector due to
the full loop in the in6nite solid, and s1 is the area encircled by the half-dislocation
loop.

Using the fundamental displacement 6eld of an in6nitesimal dislocation loop in the
in6nite medium

ui(x) = bjcjkmnUmi;n(x− x′)dsk ; (A.4)

where cjkmn are elastic constants, Umi;n are the Green’s functions of a point force, and
dsk are the components of the surface encircled the dislocation loop, we can obtain the
stress 6eld of a full circular dislocation loop on the slip plane in the in6nite medium
as

�full = − 3�b
4	(1 − ))

∫
s

[
(1 + ))

3r3 + )
[(x1 − x′1) cos � + (x3 − x′3) sin �]2

r5

]
ds′; (A.5)

where

r =
√

(x2 − x′2)2 + [(x1 − x′1) cos � + (x3 − x′3) sin �]2 (A.6)

and s is the area encircled the full dislocation. The reference coordinates are selected
so that the origin is on the surface at the center of the loop, x2 axis is parallel to the
Burgers vector, and x3 axis is normal to the surface pointing into the medium.

The stress 6eld due to a semicircular dislocation loop near the surface can be broken
into three corresponding contributions (Bacon and Groves, 1970; Eshelby, 1979)

�half = �∞ + �I + �s; (A.7)

where �∞ is the stress due to the semicircular loop in the in6nite elastic medium; �I is
the stress due to the image semicircular loop in the in6nite elastic medium; and �sis the
stress required to make the surface traction-free. Both �∞ and �I can be conveniently
obtained from Eq. (A.5) as

�∞ = − 3�b
4	(1 − ))

∫
s1

[
(1 + ))

3r3 + )
[(x1 − x′1) cos � + (x3 − x′3) sin �]2

r5

]
ds′; (A.8)

and

�I =
3�b

4	(1 − ))

∫
s1

[
(1 + ))

3r3
1

− )
[(x1 − x′1) cos � + (x3 + x′3) sin �]2

r5
1

]
ds′; (A.9)

where

r1 =
√

(x2 − x′2)2 + [(x1 − x′1) cos � + (x3 + x′3) sin �]2: (A.10)
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To obtain �s, we decompose the in6nitesimal dislocation loop on the slip plane
into two in6nitesimal loops b1 = (0; 1; 0)b, ds1 = (sin �; 0; 0)ds; and b2 = (0; 1; 0)b,
ds2 = (0; 0; cos �)ds. Let dus

i and dvsi , i = 1; 2; 3, denote the displacement components
associated with these two in6nitesimal dislocation loops. They are given by (Bacon
and Groves, 1970; Eshelby, 1979)

dus
1 = k1

{
2(1 − ))

[(
1
r2

)
;2
− r2 ;112

]
− x′3

(
x3

r2

)
;112

+ 2(1 − ))(1 − 2))
(

x1

r2 + x3 + x′3

)
;12

}
; (A.11)

dus
2 = k1

{
2(1 − ))

[(
1
r2

)
;1
− r2 ;212

]
− x′3

(
x3

r2

)
;212

+ 2(1 − ))(1 − 2))
(

x1

r2 + x3 + x′3

)
;22

}
; (A.12)

dus
3 = k1

{
2(1 − ))

[
2x′3

(
1
r2

)
;12

− r2 ;312

]

− x′3

(
x3

r2

)
;312

− 2(1 − ))(1 − 2))
(

x1

r2 + x3 + x′3

)
;32

}
; (A.13)

dvs1 = k2x′3

[
−2)

(
1
r2

)
;12

+
(
x3

r2

)
;123

]
; (A.14)

dvs2 = k2x′3

[
−2)

(
1
r2

)
;22

+
(
x3

r2

)
;223

]
; (A.15)

dvs3 = k2x′3

[
(2)− 4)

(
1
r2

)
;32

+
(
x3

r2

)
;323

]
; (A.16)

where

k1 =
b sin �ds

4	(1 − ))
; k2 =

b cos �ds
4	(1 − ))

; (A.17)

and

r2 =
√

(x1 − x′1)2 + (x2 − x′2)2 + (x3 + x′3)2: (A.18)
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Fig. 11. Dependence of the energy correction factor on the angle of the slip plane.

The corresponding stress components can then be calculated from

�s32 = �
∫
s1

9(dus
3 + dvs3)
9x2

+
9(dus

2 + dvs2)
9x3

ds′; (A.19)

�s12 = �
∫
s1

9(dus
1 + dvs1)
9x2

+
9(dus

2 + dvs2)
9x1

ds′ (A.20)

and

�s = −�s32 cos � + �s12 sin �: (A.21)

The energy correction factor m can now be calculated from Eq. (A.3). The four-fold
integrals were carried out numerically via 40-points Gauss–Kronrod rule. Fig. 11 plots
the energy correction factor as a function of angle � for various Poisson’s ratios.

It should be noted that the calculation of m requires appropriate treatment of the
singularities involved in the integration. Normally the presence of the singularity of
the inverse distance from the perimeter of the dislocation loop requires an elastic core
cuto9 of the dislocation so as the calculated energy of the dislocation loop is bounded.
Here the choice of the core cuto9 is avoided by calculating the bounded integral of the
di9erence in stress �∞ − �full. The singularities of certain integrants are eliminated in
the integration based on the Anderson and Rice (1987) approach. By subtracting the
null stress of uniformly displacement equal to the Burgers vector, the integration can
be switched on the integrating area from s1 to s1 with the change of the sign. Here s1

is the outside area of the semicircular loop.
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To obtain the critical condition for nucleation of a semicircular dislocation loop, we
write the total energy

E =
�b2R

8
(2 − ))
(1 − ))

ln
(

8mR
e2R0

)
− 0:5	R2�b sin �; (A.22)

and render it stationary,

9E
9R =

�b2

8
(2 − ))
(1 − ))

ln
(

8mR
eR0

)
− 	R�b sin � = 0; (A.23)

92E
9R2 =

�b2

8R
(2 − ))
(1 − ))

− 	�b sin � = 0; (A.24)

where the 6rst condition is the equilibrium condition, and the second condition is a sta-
bility criterion. The critical stress and the critical radius at which dislocation nucleates
instantaneously can be obtained by solving the above equations. For a given stress less
than the critical value, Eq. (A.23) has two solutions of R, one solution corresponding to
the local minimum of the total energy and the other solution corresponding to the local
maximum of the energy. The energy di9erence between them is the activation energy
required for thermally assisted nucleation of the semicircular dislocation loop. Fig. 12
plots the activation energy as a function of stress for various core cuto9 parameters.
It is evident that the result is sensitively dependent on the core cuto9 parameter. This
may be conveniently explained by plotting the equilibrium solution of R as a function
of stress for a selected typical case in Fig. 13. It shows that the critical radius of the
dislocation loop is on the order of the dislocation core size, therefore indicating that
the obtained energetics of dislocation nucleation is unreliable because of the limitation
of continuum elastic dislocation theory at the core region.
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